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We present a model of a topological semimetal in three dimensions whose energy spectrum exhibits
a nodal line acting as a vortex ring; this in turn is linked by a pseudospin structure akin to that
of a smoke ring. Contrary to a Weyl point node spectrum, the vortex ring gives rise to skyrmionic
pseudospin patterns in cuts on both sides of the nodal ring plane; this pattern covers the full
Brillouin zone, thus leading to a fully extended chiral Fermi arc and a new, ‘maximal’, anomalous
Hall effect in a 3D semimetal. Tuning a model parameter shrinks the vortex ring until it vanishes,
giving way to a pair of Weyl nodes of opposite chirality. This establishes a connection between two
distinct momentum-space topologies - that of a vortex ring (a circle of singularity) and a monopole-
anti-monopole pair (two point singularities). We present the model both as a low-energy continuum
and a two-band tight-binding lattice model. Its simplicity permits an analytical computation of its
Landau level spectrum.
PACS numbers:
Introduction – The fruitful search for topological ma-
terials now extends beyond insulators. A most promi-
nent example is the Weyl semimetal, which despite the
gaplessness of its bulk, hosts topologically protected sur-
face states [1–9]. The central conceptual shift is from
the energy band dispersion to the singularity structure
in momentum space. In this spirit, in graphene, the two-
dimensional (2D) Dirac fermion originates from the pseu-
dospin vortex texture, giving rise to the famous pi Berry
phase physics [10–12]. Its generalisation is the three-
dimensional (3D) Weyl fermion, which emanates from a
pseudospin monopole [2, 13, 14]. The latter acts as the
termination of the topological Fermi arc [2] and gives rise
to an intrinsic, albeit unquantized, anomalous Hall effect
(AHE), a condensed matter phenomenon unique in 3D
Weyl semimetals [15–18].
The key diagnostic of topological semimetals remains
the familiar one borrowed from band topology for a 2D
Chern insulator, namely the Chern number reflected in
the physical Hall response [19–21]. Continuing with
the Weyl fermion example, when confining a pseudospin
monopole in the 3D Brillouin zone, one is led to a planar
Chern number that changes discontinuously from 0 to 1
as the point singularity is crossed [2]. In other words,
the embedding of the point singularity in 3D momentum
space leads to stacks of 2D skyrmionic pseudospin tex-
tures [14] on only one, but not the other, side of the sin-
gularity. This we call a planar Chern composition (PCC)
rule corresponding to the pseudospin monopole.
Here we construct a new band structure that shows
that the pseudospin monopole PCC is not a unique one.
Our analysis is motivated by recent interest in a new
class of symmetry-protected nodal ring semimetals [22–
41], where a line node that forms a closed loop in the en-
ergy spectrum. Similarly to the Dirac points in graphene
[20], this feature requires symmetry protection.
This circular loop energy degeneracy opens the door to
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FIG. 1: (a) Smoke ring pseudospin structure shown on the
toroidal Fermi surface close to the nodal ring. (b) The low-
energy nodal ring energy spectrum for kz = 0. For clarity,
both panels are shown with a plane cut through the origin.
an extended, rather than point-like, singularity structure,
which we construct as follows. First, inspired by the
smoke ring in vortex dynamics [42, 43] and studies of 2D
graphene-bilayer with higher winding vortices [44, 45],
we directly construct a class of pseudospin Hamiltonians
exhibiting a vortex ring, in the absence of both time-
reversal and inversion symmetries; on loops linking this
ring, the pseudospin winding can take on integer values
(Fig. 1a shows the case of winding number 1). This gives
rise to a toroidal smoke ring Fermi surface (Fig. 1a).
The model, besides describing a nodal ring spectrum
(Fig. 1b) with an extended singularity, exhibits a new
PCC corresponding to the pseudospin vortex ring - it is
skyrmionic on both sides of the vortex ring, in the ab-
sence of a ‘fermion doubling problem’ [46]. The new PCC
implies a ‘maximal’ AHE for such a semimetal, as each
planar cut through the Brillouin zone (planes parallel to
the nodal ring plane) exhibits the same non-zero Chern
number. The associated chiral Fermi arc, as a result,
wraps around the full surface Brillouin zone perpendicu-
lar to the nodal ring plane.
As a remarkable feature of this model, we find that
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FIG. 2: (a) Different planar cuts of k-space with fixed ky (labeled by I) and fixed kz (labeled by IIa, IIb, IIc). The red circle is
the position of the nodal ring. (b)-(e) Pseudospin textures of the vortex ring Hamiltonian (with k0 = 2) on various cuts of the
k-space. Away from rhw kz = 0 plane, (d) and (e), the pseudospin textures both carry a nonzero Pontryagin index P (kz) = 1.
this pseudospin vortex ring is connected to a monopole-
anti-monopole pair of the Weyl semimetal–an example of
a point defect pair annihilating without opening a gap.
Our model requires only a two-band construction. We
also provide a lattice version based on a two-orbital tight-
binding model. Its simplicity allows us to supply an an-
alytical computation of its Landau level spectrum.
The vortex ring (VR) model— Consider the two-band
HV R(px, py, pz) = − 1
mz
pxpzσx − 1
mz
pypzσy
+
(
1
2mr
(p2x + p
2
y − p2z)−
p20
2mr
)
σz, (1)
with Pauli matrices σ acting on orbital/sublattice space
without electron spin degeneracy. p0 sets the radius of
the nodal ring centered on the origin of the pz = 0 plane,
while p0/mr (p0/mz) sets the Fermi velocities in (normal
to) that plane, respectively.
We demonstrate the resulting pseudospin texture in
the form of a toroidal magnetic field with quantized cir-
culation around the axis of revolution (Fig. 1a) by the
following non-perturbative procedure. First, in 2D, a
massless Dirac Hamiltonian in the (px, pz) plane with
unit Fermi velocity can be written as HDirac(px, pz) =
−pzσx+pxσz. Here, the pseudospin winds an angle +2pi
(giving the pi Berry phase) on a counter-clockwise circuit
enclosing the Dirac point (Fig. 1a). Analogously, related
to a graphene bilayer, a 2D Hamiltonian with two vortices
of equal winding (and a resulting 2pi Berry phase) is given
asHbi(px, pz) = −(pxpz)/(mz)σx+(p2x−p2z−p20)/(2mr)σz
(see e.g., Refs. [45, 47]). The global 2pi Berry phase is dis-
tributed among two unit vortices at (px, pz)
± = (±p0, 0).
On rotating Hbi(px, pz) around the pz axis, the two
isolated Dirac nodes trace out a circular nodal line in k-
space, resulting in the vortex ring Hamiltonian (1) with
unit winding around the axis of revolution. With this
procedure, a sequence of vortex ring Hamiltonians with
higher winding can also be generated, see the Supple-
mental Material [48].
The resulting energy spectrum exhibiting a nodal ring
of radius k0 is given by (setting mr = mz = ~ = 1,
p = k)
E± = ±
√
(k2r − k2z − k20)2/4 + k2rk2z (2)
with the radial wave vector kr ≡ (k2x + k2y)1/2 (Fig. 1b).
The stability of the nodal ring arises from a par-
ticular ‘mirror reflection’ symmetry: a reflection
with respect to the z = 0 mirror plane, com-
bined with an opposite parity of the two orbitals
under such a transformation. The Bloch Hamilto-
nian H(k) = h(k) · σ thus transforms as h(k) →
(−hx(kx, ky,−kz),−hy(kx, ky,−kz), hz(kx, ky,−kz)).
The gaplessness of the nodal ring spectrum is then
protected by the mirror symmetry: hx = hy = 0 on the
mirror plane. The model explicitly breaks time-reversal
and inversion symmetry [50].
As an aside, we mention another type of nodal-ring
Hamiltonian H = (k2r −k20)σx+kzσy (see e.g., Refs. [24–
27]) requiring time-reversal and inversion symmetries.
The absence of the σz component results in a planar pseu-
dospin configuration throughout k-space. Even though
this does carry a Berry phase feature, the topological
features discussed below for HV R are absent.
The pseudospin Skyrmion— We characterize the
global characteristic of the pseudospin vortex ring on dif-
ferent planar cuts of k-space, labeled as I and IIa-IIc in
Fig. 2a. First, by construction the pseudospins on the
ky = 0 plane (I) are strictly planar with two vortices of
equal winding (Fig. 2b). Second, on different kz planes
(IIa-IIc) the pseudospins develop a full skyrmion struc-
ture when kz 6= 0 [14] (Figs. 2c-e), see Supplemental
Material [48]. Note that the sign of the Pontryagin index
(Skyrmion number) of the mapping from the kx-ky plane
(with the ‘boundary points’ at large kr identified) to the
Bloch sphere (defined for the pseudospins) is indepen-
dent of kz, despite the different way the pseudospins wrap
around the origin for kz of different sign (Figs. 2d,e).
The family of 2D Hamiltonians, H2Dkz , parametrised by
kz via HV R = H
2D
kz
(kx, ky), represent 2D Chern insula-
tors with Chern number C(kz) = 1 for kz 6= 0. Thus we
have a new PCC where C = 1 on both sides of the vortex
ring (Fig. 3a). Contrast this with the change C = 0→ 1
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FIG. 3: The planar Chern composition (PCC) rule for the two
pseudospin defects and the associated chiral Fermi arcs: (a)
The nodal ring (red circle) lies on the kz = 0 plane in the 3D
BZ. A pseudospin vortex ring exhibits C = 1 on both sides of
the singularity plane. (b) At the critical value ∆ = 0 the nodal
ring shrinks to a point (red dot). (c) The appearance of two
Weyl nodes (two red dots) with a change in PCC, resulting
in the opening of a region of width
√
8|∆| with C = 0. On
the surface Brillouin zone (shaded region), the locus of the
zero-energy chiral Fermi arc are shown (directed bold line).
as the singularity of a pseudospin monopole is crossed.
This turns out to be crucial in the following.
Tight-binding realization and AHE— To discuss the
3D intrinsic AHE, we provide a tight-binding model for
the vortex ring Hamiltonian. We introduce two lattice
constants, a and b, for the z- and x, y- directions, respec-
tively. The nodal ring diameter 2k0 is then measured
as a fraction of the planar reciprocal lattice α2pi/b, for
0 < α < 1. It is given as HTB = h(k) · σ with
hx(k) ∝ −(ab)−1 sin(kxb) sin(kza/2),
hy(k) ∝ −(ab)−1 sin(kyb) sin(kza/2),
hz(k) ∝ b−2 (1− cos(kxb)− cos(kyb) + cos(αpi))
−α˜a−2(1− cos(kza)), (3)
where 0 < α˜ < 1 with the full expressions given in the
Supplemental Material [48]. Expanding HTB close to the
nodal ring kz = 0, kr = αpi/b (= k0) yields Eq. (1).
This describes a two-orbital model on a tetragonal lat-
tice. The form factor sin(kza/2) in the inter-orbital hop-
ping term hx,y indicates a two-site basis along the z-
direction, see Supplemental Material [48]. The energy
spectrum exhibits one nodal ring per Brillouin zone (Fig.
3a).
Contrary to the fermion doubling in lattice realizations
of Weyl/Dirac fermions [46], there is no analogous issue
here, i.e., there is no topological obstruction to having
only one nodal ring in the full Brillouin zone.
The non-zero Chern number of H2Dkz 6=0 implies the ex-
istence of 1D chiral edge states on the boundary of fi-
nite systems. On the surface Brillouin zone parallel to
kz, the zero-energy chiral surface states form a Fermi arc
[2, 17, 51–53]. For the vortex ring phase, in fact, it wraps
around the full surface BZ, see Figs. 3a-b. This is con-
firmed by numerically solving a finite HTB , see Fig. 4a,
where localized chiral states cross the bulk energy gap as
required by non-trivial band topology. As a physical con-
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FIG. 4: (a)-(c) Two-dimensional surface band structures
on planes perpendicular (a) and parallel (b,c) to the nodal
ring plane (defined in (d)). Surface states are shown in
red [54]. (d) Normalized Fermi surface Berry curvature
n(kF ) ·Ω(kF ) ∈ [−1 (red), 1 (blue) ] in the topological nodal
ring phase with a fixed Fermi energy EF = 0.5. n is the unit
normal vector on the FS, Ω is the Berry curvature and kF
the Fermi wave vector (mr = mz = ~ = 1).
sequence, this amounts to HV R describing a novel kind
of 3D topological semimetal: it has a gapless nodal ring
in the bulk and an intrinsic, ‘maximal’ anomalous Hall
effect with a Hall conductivity σ3Dxy = (e
2/2pih)(2pi/a),
where (2pi/a) is the magnitude of the primitive recipro-
cal vector perpendicular to the nodal ring plane.
Transition to a Weyl semimetal— The model Hamil-
tonian (1) also describes the Weyl phase. As ∆ ≡ p20/2mr
is swept towards 0, the nodal ring shrinks, turning into
a point at ∆ = 0, whereafter two Weyl nodes appear at
k±W = (0, 0,±
√
2mr|∆|/~2) for ∆ < 0 (Fig. 3). The
low-energy Hamiltonian around k±W is given by HV R ≈
±√2mr|∆|((px/mz)σx + (py/mz)σy + (pz/mr)σz), de-
scribing a monopole-anti-monopole pair.
This is remarkable because upon annihilation of such
a pair (consider sweeping ∆ in an opposite direction),
one might have expected an energy gap to open [16].
Here we explicitly show that the HV R offers a much
richer scenario: a continuous change from a vortex ring
to a monopole-anti-monopole pair, remaining gapless
throughout.
For the intrinsic AHE, as ∆→ 0+ the Hall conductiv-
ity retains its value of the nodal ring phase; for ∆ < 0,
σ3Dxy = (e
2/2pih)(2pi/a−√8mr|∆|/~2). The latter is the
known intrinsic unquantized AHE of the Weyl semimetal
[16–18]. In this sense, the model Hamiltonian describes,
on the one hand, a topological nodal ring phase (∆ > 0)
with its maximal AHE and on the other hand, it is ‘adia-
batically’ connected to the Weyl phase (∆ < 0) with two
Weyl nodes.
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FIG. 5: Magnetic field dependence of the Landau levels for
various values of Ez = p
2
z/2m. On the left panel is the energy
spectrum in the absence of the magnetic field. On the right
panel, the black (dashed, red) curves correspond to En (E0).
We use crystal parameters b = 5A˚, m = 0.05me,∆ = 10meV.
As an aside, we mention that this AHE in the topolog-
ical nodal ring phase is robust for a smoke ring Hamil-
tonian of the more general type. Specifically, when the
mirror symmetry is removed, the nodal ring is gapped;
however, the PCC rule for vortex ring remains intact (see
Supplemental Material [48]).
Another quantity of interest is the Fermi surface (FS)
Berry curvature [15, 52, 55]. The FS topology, at small,
finite electron density, evolves from a torus-shaped geom-
etry (genus 1), via a sphere (genus 0) to two disconnected
closed sheets, thus experiencing multiple Lifshitz transi-
tions. In the nodal ring phase, the FS Berry curvature is
non-zero everywhere except on the kz = 0 plane, see Fig.
4d - thus, possessing the basic ingredient for ‘nonlocal
transport’ [56, 57].
Landau level structure— As a basis for the study of
magnetotransport properties, we now turn to the quan-
tum mechanical Landau level (LL) problem. The two-
band vortex ring model permits a fully analytic solution,
and reveals an anomalous LL state.
From the Hamiltonian (1), we use the minimal substi-
tution for a magnetic field B = Bzˆ, B > 0, and promote
the relevant conjugate variables to operators (px, py) →
(pˆx − eAˆx, pˆy − eAˆy), with (Aˆx, Aˆy) = (−Byˆ/2, Bxˆ/2).
Since the momentum in the z-direction remains a good
quantum number, the problem decomposes into a family
of 2D ones parametrized by pz. Introducing the ladder
operators aˆ =
√
2(∂z¯ + z/4), aˆ
† =
√
2(−∂z + z¯/4), with
z = x+ iy (z¯ = x− iy), such that [aˆ, aˆ†] = 1, we arrive at
H =
(
aˆ†aˆ+ 12 − δ1 −iδ2aˆ†
iδ2aˆ −(aˆ†aˆ+ 12 − δ1)
)
(4)
where δ1 = (Ez + ∆)/B , δ2 =
√
4Ez/B sgn(pz) and
Ez = p
2
z/2m with B = ~eB/m. The Landau levels are
(see Supplemental Material [48] for details)
En=0 =
1
2
~e
m
B − (Ez + ∆),
E±n =
1
2
~e
m
B ± [n2 ~
2e2
m2
B2 + 2n
~e
m
B(Ez −∆)
+ (Ez + ∆)
2]1/2 for n ≥ 1, (5)
plotted in Fig. 5 for various pz. As a reference for the
quantization pattern, the energy spectra in the absence
of the magnetic field are plotted on the left.
A most salient feature of the LL is the n = 0 eigenstate
with the ‘wrong’ slope (dashed (red) line in Fig. 5). It
plays a role similar to the zero-energy LL of graphene,
occupying only one of the two sublattices (|0〉, 0)T . Un-
like the latter, the n = 0 state has a positive slope despite
being a holelike state. As a result, it transmutes into a
particlelike state at sufficiently large fields. This is remi-
niscent of the anomalous LL spectrum of a 2D spin Hall
insulator found in a quantum well semiconductor [58],
reflecting the underlying 2D Chern insulating character.
Finally, to complement the quantum results, we apply
Onsager’s relation to obtain the semiclassical LL given
by Esemicln = ±[
(
~eB(n+γ≶)/m−∆+Ez
)2
+4∆Ez]
1/2,
with an undermined index γ≶ corresponding to the two
cyclotron orbits on the Fermi surface. In the large-n
(semiclassical) limit, both the semiclassic analysis and
the quantum result agree up to the O(n0) [59]. The
matching condition yields γ≶ = ± 12 indicating a triv-
ial Berry phase, as expected for cyclotron orbits in a
coupled-parabolic-band problem.
Summary and outlook— We have presented a 3D
semimetal that exhibits a novel intrinsic anomalous Hall
effect. This follows from the observation of a new topo-
logical character in the band structure arising from a
nodal line system with a vortex ring singularity. Re-
quiring only a tetragonal tight-binding model satisfying a
mirror symmetry, and strictly local hopping, it would ap-
pear not to be entirely unreasonable to hope for an actual
material [60] or cold atom realisation [61–63]. Interest-
ing open questions include investigating the phase tran-
sition across the topological nodal ring and Weyl phases,
in the spirit of the Weyl semimetal-insulator transition
in Refs. [64, 65], and of course the effect of interactions
more generally [66, 67]. Moreover, complete classification
and study of the connection between different momentum
space singularity structures remains a largely unexplored
subject.
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7SUPPLEMENTARY MATERIAL
VORTEX RING HAMILTONIAN OF ARBITRARY WINDING
We outline the procedure to obtain the pseudospin vortex ring Hamiltonian of arbitrary winding. Starting with a
2D graphene-bilayer-like Hamiltonian, Hbi(px, pz) (see main text), with purely planar pseudospins, the out-of-plane
pseudospins are generated by rotating the Hamiltonian around the pz-axis. The procedure is analogous to rotating a
2-vector on the plane: px becomes the radial component px →
√
p2x + p
2
y with the azimuthal angle φ = arctan(py/px),
0 ≤ φ < 2pi. After this substitution, we multiply the σx component of the bilayer Hamiltonian with the projection
factors cosφ and sinφ to obtain the respective new pseudospin components in the σx,y axes: HV R(p) = h(p) ·σ with
hx(p) = − 1
mz
√
p2x + p
2
y pz cosφ,
hy(p) = − 1
mz
√
p2x + p
2
y pz sinφ,
hz(p) =
1
2mr
(p2x + p
2
y − p2z)−
p20
2mr
. (1)
With
√
p2x + p
2
y cosφ = px,
√
p2x + p
2
y sinφ = py, one arrives at the Hamiltonian (1).
The same procedure can be generalized to obtain vortex ring Hamiltonian with arbitrary winding. Here we give
the results of vortex ring Hamiltonian with winding 2 and 3 (setting mr = mz = ~ = 1, p = k). Starting with the 2D
graphene-bilayer-like Hamiltonians with two vortices sharing equally the global 4pi and 6pi Berry phases:
H4pibi (kx, kz) = [−4(k2x − k20)kxkz + 4kxk3z ]σx + [(k2x − k20)2 + k4z − 6k2xk2z ]σz;
H6pibi (kx, kz) = [−6(k2x − k20)2kxkz + 20k3xk3z − 6kxk5z ]σx + [(k2x − k20)3 − 15(k2x − k20)k2xk2z + 15k2xk4z − k6z ]σz, (2)
by rotation we obtain the vortex ring Hamiltonians:
HV R,2(k) = [−4(k2r − k20)kxkz + 4kxk3z ]σx + [−4(k2r − k20)kykz + 4kyk3z ]σy
+[(k2r − k20)2 + k4z − 6k2rk2z ]σz; (3)
HV R,3(k) = [−6(k2r − k20)2kxkz + 20kxk2rk3z − 6kxk5z ]σx
+[−6(k2r − k20)2kykz + 20kyk2rk3z − 6kyk5z ]σy
+[(k2r − k20)3 − 15(k2r − k20)k2rk2z + 15k2rk4z − k6z ]σz. (4)
General smoke-ring Hamiltonian
We discuss a more general smoke ring Hamiltonian HSR which does not exhibit the mirror symmetry protecting
the nodal line which is thus gapped out. We begin with a 2D gapped Hamiltonian H(kx, kz) = −kxkzσx + kxσy +
((k2x − k2z)/2−∆)σz for ∆ > 0. Rotating the Hamiltonian around the kz-axis as before, we obtain
HSR(k) = (−kxkz − ky)σx + (−kykz + kx)σy + ((k2x + k2y − k2z)/2−∆)σz. (5)
From Fig. A1, we see that the gapped energy spectrum leads to an additional twist of the pseudospin texture on the
toroidal Fermi surface, c.f. Fig 1a. The PCC rule, however, remains the same as for the vortex ring Hamiltonian
k
kk
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FIG. 6: General smoke ring pseudospin structure shown on the toroidal Fermi surface close to the nodal ring.
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FIG. 7: (a) Unit cell structure for the tight-binding realization. (b) Real space visualization of the hoppings described by HTB
on the x- (left), and the y-plane (right), respectively.
studied in the main text. As ∆ > 0 is swept towards 0, the gap closes at a single point. For ∆ < 0, two Weyl
nodes appear. This can serve as an explicit low-energy model that describes the annihilation of two Weyl nodes and
resulting in a 3D quantum anomalous Hall insulator phase [1].
PONTRYAGIN INDEX, BERRY CURVATURE, CHERN NUMBER
By parameterizing the vortex ring Hamiltonian as HV R = h(k) · σ = |h(k)|n(k) · σ, the Pontryagin index for a
given kz is given as P (kz) = (1/4pi)
∫
dkxdky n · (∂kxn× ∂kyn) = 1 for kz 6= 0. The normalized pseudospins n(k) at
large kr are identified as the same point n = (0, 0, 1).
The Chern number for the vortex ring Hamiltonian can be evaluated to give C(kz) = (1/2pi)
∫
1BZ
dkxdkyΩkxky = 1
for kz 6= 0, where Ω(k) = ∇k ×A(k) and A(k) = i〈n(k)|∂k|n(k)〉 are the Berry curvature and the Berry connection,
respectively, using the lower-band eigenstates of HV R|n(k)〉 = −|h(k)||n(k)〉 with periodic boundary condition.
TIGHT-BINDING REALIZATIONS
The full expression corresponding to Eq. (4) is given as HTB = h(k) · σ with
hx(k) = − 2~
2
mzab
αpi
sin(αpi)
sin(kxb) sin(kza/2)
hy(k) = − 2~
2
mzab
αpi
sin(αpi)
sin(kyb) sin(kza/2)
hz(k) =
~2
mrb2
αpi
sin(αpi)
(
2− cos(kxb)− cos(kyb)
+ cos(αpi)− 1
)
− ~
2
mra2
(1− cos(kza)) (6)
and illustrated in Fig. A2. By expanding HTB around the nodal ring kz = 0, kr = k0 = αpi/b, the low energy nodal
ring Hamiltonian (1) is recovered. Note that the nodal ring is not perfectly circular anymore in the tight-binding
model: it inherits the underlying square symmetry of the lattice realization.
In Fig. A3, we show the pseudospins in the ky = 0 plane covering three Brillouin zones. In the first Brillouin zone
(marked with a box) we recover the full feature of the low energy Hamiltonian (1), see Fig. 2b. In the second B.Z.,
the pseudospins consist of an anti-vortex-anti-vortex pair instead. Due to the sublattice structure along z-direction,
the Bloch Hamiltonian generally has a different periodicity (or no periodicity) from the Brillouin zone periodicity [2].
Similar to the apparent differences between the skyrmion structures discussed for Fig. 2d and 2e but resulting in
the same winding property, the planar Chern number (on the kx, ky plane) is a constant C = 1 throughout, except at
the gap closing planes kz = 0,±2pi/a,±4pi/a, . . . , where C is not defined. This is the new PCC rule across a vortex
ring singularity.
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FIG. 8: Pseudospin structure of HTB (with ky = 0) covering three Brillouin zones in the kz direction (setting ~ = mz = mr = 1,
b = 0.6, a = 1). The area mark with a box indicates the first Brillouin zone.
To study the surface states evolution as the system turns from the vortex ring phase into the Weyl semimetal phase,
we numerically solve two instances of the tight-binding model HTB with finite extent in the x-direction, giving surface
bandstructures parallel to kz, see Fig. A4. In the vortex ring phase, chiral surface states exist for all kz 6= 0, giving
rise to the fully extended Fermi arc. In the Weyl semimetal phase, chiral surface states exist for kz-plane with unit
Chern number, resulting in an open-ended Fermi arc. A summary of the Fermi arc structure is shown in Fig. 3 in
the main text.
SOLUTION TO THE LANDAU LEVELS
In this section, the details of the calculation for the Landau level problem of the vortex ring Hamiltonian are
outlined. We first show the limit when the two bands are uncoupled, i.e., when Ez = 0, and then show the general
case. The former reproduces the expected result of two inverted quadratic bands, to serve as a reference point where
simple results are known.
Ez = 0 case
In the limit Ez = 0, the two quadratic bands are uncoupled. The Hamiltonian in a magnetic field simplifies to
H/B =
(
aˆ†aˆ+ 12 − δ1 0
0 −(aˆ†aˆ+ 12 − δ1)
)
(7)
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FIG. 9: Two-dimensional surface bandstructures along the various quasimomentum range Γ¯i − X¯i, for i = 1 − 3: (a) in the
vortex ring phase (b) the Weyl semimetal phase. Energy levels of surface states are indicated in red.
and the eigenvalues are
E±n = ±(n+
1
2
− δ1)B (8)
with eigenfunctions (|n〉, 0)T and (0, |n〉)T for n ≥ 0, where aˆ†aˆ|n〉 = n|n〉. The results are those of the Landau levels
of two quadratic bands, inverted with respected to each other, and shifted by the energy ∆ = δ1B .
General case
We start with the LL Hamiltonian given by (see Eq. (5) in the main text)
H/B =
(
aˆ†aˆ+ 12 − δ1 −iδ2aˆ†
iδ2aˆ −(aˆ†aˆ+ 12 − δ1)
)
. (9)
In contrast to the corresponding Landau level problem in graphene, “squaring” the Hamiltonian does not render it diag-
onal. Instead, we seek the solution using an ansatz formed by the basis for the two-level problem {(|n〉, 0)T , (0, |n〉)T },
{(|n〉, |m〉)T , (|n〉, |m〉)T }, for n,m ≥ 0, with aˆ†aˆ|n〉 = n|n〉. The n = 0 Landau level solution is given by
H
(|0〉
0
)
= En=0
(|0〉
0
)
(10)
with En=0 = (1− δ1)B . For n ≥ 1 the solution is obtained by solving
H
(
cos(θn/2)|n〉
eiφn sin(θn/2)|n− 1〉
)
= En
(
cos(θn/2)|n〉
eiφn sin(θn/2)|n− 1〉
)
(11)
with φn, θn parameterizing the n-th spinor eigenfunction of the “two-level” problem. By demanding self-consistency,
we obtain φn = ±pi/2 sgn(pz) and
tan
θn
2
=
√
(n− δ1)2 + nδ22 ± (δ1 − n)
|δ2|
√
n
, n ≥ 1, (12)
with eigenvalues
En =
(
1±
√
(δ1 − 2n)2 + δ22n
)
B for n ≥ 1, (13)
11
as given in Eq. (5) in the main text. Besides the usual macroscopic LL degeneracy in the xy plane for each LL,
there is no additional degeneracy, including for the n = 0 LL; this is in contrast to the two-fold degeneracy of the
zero-energy LL state of the graphene-bilayer [3].
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